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Abstract
In this thesis, we present an efficient method to compute both the prices and
the early exercise boundaries of American dynamic fund protection options with fi-
nite maturity. A crucial step in our method involves a change of numeraire which
reduces the number of states in the valuation problem for these options from three to
two. This change of numeraire leads to a substantial simplification of our valuation
procedure by allowing a space-time transformation to be performed to reduce the
valuation problem to a single canonical optimal stopping problem for standard Brow-
nian motion, indexed by only two parameters. Further, we are able to prove that,
after the change of variables, the stopping boundaries are piecewise linear functions
for fixed canonical time s. This in turn allows us to completely specify the bound-
aries by considering only their behaviour (as a function of s) at z∗ = 0, where z∗
is the transformed maximum asset price. Extensive computations in the canonical
scale using the Bernoulli walk show that the boundary values at z∗ = 0 are well
approximated by piecewise linear functions with a few pieces, which in turn provides
us with a fast approximate method to obtain the American dynamic fund protection




Equity indexed annuities (EIAs) were first introduced into the market by Key-
port Life in February 1995 and ever since then they have generated a great deal of
interest and excitement among insurers and their customers.
These annuities are different from conventional fixed annuities because their
returns are based on the performance of an equity mutual fund or a family of mutual
funds or a stock index, typically of the Standard and Poor’s (S&P) 500 Index. How-
ever, similar to conventional fixed annuities, EIAs also promise a minimum guarantee
provision that eliminates the downside risk that the insurers face. Hence EIAs are
particularly attractive to investors who have a low risk tolerance since they allow
investors to participate in and benefit from the phenomenal growth of the stock
market without subjecting the principal to undue market risk.
The product designs of EIAs range from those that provide static fund protec-
tion to those that offer dynamic fund protection. In the next section, we examine
product designs that are commonly available in the market and in the subsequent
section, we look into the concept of dynamic fund protection.
1
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1.1 Common product designs
In current market, the most common product designs are namely, the point-to-
point, the cliquet and the lookback. The simplest of all is the point-to-point design,
which is also known as European or end of term design. At maturity, the annuity
earns the realized rate of return on the index during the life of the annuity at a
prescribed participation rate or the minimum guaranteed rate of return, whichever
is higher. An extension of the point-to-point design is the cliquet design. In this
design, the time to maturity is divided into several periods. At the end of each
period, the annuity earns the periodic realized rate of return on the index at a
participation rate or the minimum guaranteed rate of return, whichever is higher.
The cliquet design is very attractive because the periodic reset feature allows the
benefits of the bullish index to be locked in even if the index declines over the life
of the annuity. Hence the value of this annuity will never decrease because once the
interest is credited, the earnings are locked in and will never decrease regardless of
the future performance of the market. Some variations of the cliquet design can be
found in Tiong (2000). Lastly, we have the continuous lookback or high-water-mark
design where the annuity earns the maximum rate of return attained by the index
during the life of the annuity. The pricing aspects of these products can be found in
Tiong (2000).
1.2 Dynamic fund protections
Some of the drawbacks of a static protection, such as a put option, are the
investors are guaranteed to receive at least the strike price K only upon exercise or
maturity of the option. However, this protection does not guarantee that the value
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of the protected fund is always at least K. Moreover, if the stock suffers substantial
losses near maturity such that its final value is below K , the investors receive only
the strike price and lose all the returns that the fund experiences throughout the life
of the protection.
Gerber and Shiu (1998, 1999) introduced the concept of dynamic fund protec-
tion. While a put option ensures that the investors receive at least K upon exercise
or maturity, dynamic fund protection extends the concept of put option to provide
continuous protection. This continuous protection ensures that the value of the pro-
tected fund never falls below the guaranteed level during the life of the protection,
and this is done by crediting additional units of the primary fund into the investor’s
account so that the value of the protected fund is at least the guaranteed level. Hence
upon exercise or maturity, the investor may own more than one unit of the primary
fund, as compared to an investor who purchased the static protection. Due to the
mechanics of this protection, the investors will have a more attractive prospect in
situations where the underlying index enjoys high returns followed by poor perfor-
mance near maturity, and they have a chance to get a return that is more than the
guaranteed level, as compared to investors who purchased static protection.
Gerber and Pafumi (2000) proposed that the concept of dynamic fund protec-
tion is applicable to EIAs. We shall present the three most common forms of dynamic
fund protection available in the literature. These protections can be deterministic,
such as in the form of a constant or an exponential guaranteed level, or they can be
stochastic, such as that given by a stock price or stock index.
First, we consider a basic form of dynamic fund protection which instanta-
neously provides the necessary payments so that the protected fund unit value does
not fall below a constant protected level. The idea is to replace the original value of
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a primary fund unit, S(t), by a protected value, F (t), t > 0. This protection ensures
F (t) does not fall below a certain constant level K, 0 < K ≤ S(0). Thus the process
{F (t)} is defined as follows:
(a) F (0) = S(0),
(b) if F (t) > K in some time interval, the instantaneous rate of return of F (t) is
identical to the one of S(t), and
(c) whenever F (t) drops below the protected level K, just enough units of stock
will be added so that the protected fund unit value does not fall below K.
The protected fund unit value can be written as follows:








Nonforfeiture laws normally require a guarantee with interest, thus giving rise
to dynamic fund protection with an exponential guaranteed level. Typically the
guaranteed value of a fund unit at time t is Keζt, for some 0 < ζ < r and −∞ <
K ≤ S(0), where r is the riskless rate of return. Now the protected value of a fund
unit, F (t), is defined such that
(a) F (0) = S(0),
(b) if F (t) > Keζt in some time interval, the instantaneous rate of return of F (t)
is identical to that of S(t), and
(c) whenever F (t) drops below the exponential barrier, just enough units of stock
will be provided so that F (t) does not fall below it.
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The protected fund unit value can be written as follows:








Lastly, we consider the stochastic form of protection found in Gerber and Shiu
(2003b). For t ≥ 0, let S1(t) and S2(t) be the time t prices of two stocks. Here S1(t)
is the guaranteed level at time t while S2(t) is the time t value of one unit of the
primary fund. We are interested in a form of protection where the protected fund
unit value at time t is guaranteed not to fall below the price of stock 1 at time t.
Assuming S1(0) ≤ S2(0), the protected value of a fund unit, F (t), is defined such
that
(a) F (0) = S2(0),
(b) if F (t) > S1(t) in some time interval, the instantaneous rate of growth of F (t)
is identical to that of S2(t), and
(c) whenever F (t) falls below S1(t), just enough units of stock 2 will be provided
so that F (t) does not fall below it.
To implement this protection, we usually credit additional units of stock 2 to the
investor’s account whenever F (t) falls below S1(t) and the number of units of stock









Hence the protected fund unit value can be written as follows:








We may view (1.3) as the payoff from a path dependent option when it is
exercised at any time t, t ≥ 0, and this option is called a dynamic fund protection
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option. For a dynamic fund protection option, the payoff is guaranteed not to fall
below the price of stock 1 and is indexed by the price of stock 2 in the sense that if
F (t) > S1(t), the instantaneous growth rate of F (t) is that of S2(t).
1.3 Literature review
Dynamic fund protections were introduced by Gerber and Shiu (1998, 1999).
In those papers, they studied the pricing aspects of deterministic dynamic fund
protections by assuming perpetual protection and that the fund does not pay any
dividends. They obtained explicit pricing formula for dynamic fund protection with
constant or exponential guaranteed level of protection through the use of martingale
theory and the optional sampling theorem.
However, the assumption of perpetual protection lacks realism. Gerber and
Pafumi (2000) proposed a solution to the pricing problem of deterministic dynamic
fund protections with a finite time horizon. In their paper, they made the following
assumptions: classical geometric Brownian motion model for the primary fund unit,
all the dividends are reinvested in the fund and lastly, early withdrawal from the
fund is not permitted. Through distribution theory, they derived the closed-form
formula for pricing deterministic dynamic fund protections with finite maturity.
Imai and Boyle (2001) provided a method to price American deterministic dy-
namic fund protections. They worked in the same framework as Gerber and Pafumi
(2000) but with an American-style dynamic fund protection. In their paper, they
used a change of measure technique to obtain the pricing formula for deterministic
dynamic fund protections and showed that the value of the deterministic dynamic
fund protection at time t is greater than its exercise value at time t, thereby con-
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cluding that American-style dynamic fund protections with deterministic levels of
protection should never be exercised before maturity. It is worthwhile to note that
though Gerber and Pafumi (2000) and Imai and Boyle (2001) solved the pricing
problem with different approaches, both methodologies yielded the same pricing for-
mula for deterministic dynamic fund protections with finite maturity.
Thus far, research on dynamic fund protection has focused largely on dynamic
fund protection with a deterministic level of protection. Gerber and Shiu (2003b)
advanced the study of dynamic fund protections by introducing dynamic fund pro-
tection with stochastic guarantees which we shall call dynamic fund protection op-
tions in this thesis. They suggested that early exercise may be optimal for such an
American-style dynamic fund protection option, as opposed to the conclusion of Imai
and Boyle (2001) which was based on the crucial assumption that all the dividends
are reinvested into the primary fund. In Gerber and Shiu (2003b), the assumption
of reinvestments of the dividends into the primary fund was removed. By assum-
ing that the American dynamic fund protection option is perpetual, Gerber and
Shiu (2003b) gave closed-form expressions for the price and optimal early exercise
strategy of the option through martingale theory and the optional sampling theo-
rem. Furthermore, they showed that their results are applicable to American-style
deterministic dynamic fund protections with infinite maturity as well as to indexed
Russian options.
1.4 Thesis overview
Perpetual American dynamic fund protection options proposed by Gerber and
Shiu (2003b) are not practical in reality. Instead, American dynamic fund protection
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options with finite maturity are much more feasible. In this thesis, we shall study
the pricing of American dynamic fund protection options with finite maturity. We
propose a method to obtain both the optimal exercise boundary and the prices of
these American dynamic fund protection options.
We perform a change of numeraire to reduce the valuation problem (for Amer-
ican dynamic fund protection option) from three states to one that is dependent on
two states so that the optimal exercise boundaries are two-dimensional surfaces in R3.
The change of measure reduces the complexity of the problem because in the origi-
nal measure we need to handle S2(t), Rt and its maximum, where Rt = S1(t)/S2(t).
However, after the change of measure, we only have to consider Rt and its maximum.
Next, we reduce the valuation of a family of American dynamic fund protection op-
tions to a single canonical optimal stopping problem for standard Brownian motion,
indexed by two parameters through the use of a space-time transformation. This
transformation is particularly advantageous because not only does it reduce the num-
ber of parameters in the optimal stopping problem, it also removes the dependence
on a prescribed root node when a Bernoulli walk is used to approximate Brown-
ian motion. In addition, the calendar time is scaled by the square of the volatility
(i.e. standard deviation of Rt’s return) when transformed into canonical time, so the
time horizon of the canonical problem is only a small fraction of time to expiration.
Consequently, after the transformation, only a single backward recursion algorithm
need be implemented to compute both the option price and the entire early exercise
boundary of all options (with any expiration date) sharing the same set of parame-
ters values.
In fact, it can be proven that for fixed s (canonical time), the stopping bound-
aries are piecewise linear functions. Hence we can completely determine the three-
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dimensional stopping boundary by solving for the optimal stopping boundary at
z∗ = 0, where z∗ is the maximum asset price in the canonical scale. The develop-
ment of a fast approximate method to compute option prices requires the derivation
of a decomposition formula for an American dynamic fund protection option as the
sum of the corresponding European value and an early exercise premium that is
given by an integral whose integrand is an explicit function of the early exercise
boundary. Through extensive computations of early exercise boundaries using the
Bernoulli walk approach, we observe that for fixed z∗, the stopping boundaries are
well approximated by piecewise linear functions with a few pieces. We are therefore
able to develop a fast approximate method to compute the early exercise premium.
The thesis is organized as follows. In Chapter 2, we will provide a detailed
explanation and motivation for the payoff (1.3) of the dynamic fund protection op-
tion followed by a description of the basic model which we are going to use in the
valuation of the option. Next, the change of numeraire to reduce the number of
states and the change of variables leading to a canonical optimal stopping problem
are described. Lastly, the Bernoulli walk approach to compute the optimal stopping
boundary is described and numerical results obtained by applying this approach are
presented.
In Chapter 3, we derive the decomposition formula for an American dynamic
fund protection option as the sum of the corresponding European value and an early
exercise premium. Next, a fast approximate method, based on a tabulation ap-
proach, for computing the option prices is developed.
In Chapter 4, we shall present how the results presented in the preceding chap-
ters can be applied to two special cases: the deterministic dynamic fund protection
with the guaranteed level being a constant or an exponential function.
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In Chapter 5, we conclude the thesis and indicate some possible areas of future
research.
Chapter 2
Dynamic Fund Protection Option
2.1 The option and its payoff
For t ≥ 0, let S1(t) and S2(t) be the time t prices of two stocks. Assuming
S1(0) ≤ S2(0), the payoff for an American dynamic fund protection option is indexed
by the price of stock 2 and is guaranteed not to fall below the price of stock 1. Let
F (t) denotes the payoff function. When the option is exercised at time t ∈ [0, T ],
the payoff is given by








Here a precise derivation for (2.1) is given. Consider an option that would
provide a sufficient number of units of stock 2 so that the total value of these units is
at least the value of one unit of stock 1 at any time. Let n(u) denote the aggregate
number of units of stock 2 at time u, u ≥ 0. The following three conditions must be
satisfied:
11
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(1) n(0) = 1,
(2) n(u) is a nondecreasing function of u, and
(3) n(u)S2(u) ≥ S1(u) for all u.
Condition 1 merely states that we start with one unit of stock 2. Condition 2 means
that additional units can be credited, but they can never be taken away afterwards.
Condition 3 is the guarantee. From conditions 2 and 3, it follows that for 0 ≤ u ≤ t,


















Evidently there is an infinite number of functions n(t) that satisfy the above stated
conditions. However, to obtain the guarantee with the least cost, we choose the









Then the value of the aggregate units at time t is n(t)S2(t). Hence we have shown
(2.1). 
2.2 The basic model
The basic model used in the pricing of American dynamic fund protection
option is the bivariate Black-Scholes model. In the standard bivariate Black-Scholes
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environment, the price of a stock j (under the risk neutral measure Q˜) is represented
by a geometric Brownian motion:
Sj(t) = Sj(0) exp
{
(r − qj − σ2j/2)t+ σjB˜j(t)
}
, j = 1, 2,
where Sj(0) is the initial stock price and {B˜1(t), B˜2(t)} is a standard bivariate Brow-
nian motion under Q˜ with correlation θ and B˜1(0) = B˜2(0) = 0. Here r is the riskless
rate of return, qj > 0 stands for the dividend rate paid by the stock j and σj is the
standard deviation of stock j’s return (i.e., volatility). Typically, 0.01 ≤ r ≤ 0.1,
0 ≤ qj ≤ 0.06 and 0.1 ≤ σj ≤ 0.4.
In the absence of arbitrage opportunities, Theorem 5.4 of Karatzas (1998)
showed that the price P˜ (t, S2(t), Rt, R
∗
t ) of a dynamic fund protection option at time
t ∈ [0, T ] before exercise is given by





e−r(τ−t)f˜(S2(τ), Rτ , R∗τ )
∣∣∣S2(t) = S2, Rt = R,R∗t = R∗},
(2.3)
where Ta,b is the set of stopping times taking values between a and b (> a), Ru =
S1(u)/S2(u) andR
∗





t ) = S2(t)max{1, R∗t} = F (t).
Gerber and Shiu (2003b) considered the perpetual dynamic fund protection
option (with T →∞). They showed that the option is optimally exercised the first






with α1 = −µ −
√
µ2 + 2ρ < 0 and α2 = −µ +
√
µ2 + 2ρ > 1. Here ρ = q2/σ
2,
γ = q1/q2 and µ = ρ− γρ− 1/2.
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2.3 Change of numeraire
A change of numeraire from cash to stock 2 is essentially a change of measure.
In the original measure, the valuation problem for dynamic fund protection option
depends on three states. We show that after a change of measure, the valuation
problem is reduced to one dependent on two states hence reducing the complexity
of the problem.
Proposition 2.1











Under Q, the process {Rt = S1(t)/S2(t)} follows a geometric Brownian motion:
Rt = R0 exp
{
(q2 − q1 − σ2/2)t+ σBt
}
, (2.6)
where σ2 = σ21 + σ
2
2 − 2θσ1σ2 and Bt is a standard Brownian motion under Q with
B0 = 0. Moreover, we can rewrite (2.3) as
P˜ (t, S2, R,R
∗) = S2P (t, R,R∗), (2.7)
where




e−q2(τ−t)f(Rτ , R∗τ )
∣∣∣Rt = R,R∗t = R∗}. (2.8)
Here the expectation is taken with respect to the new measure Q and f(R,R∗) =
f(R∗) = max{1, R∗}.
Proof : A straightforward application of Girsanov’s theorem (Theorem A.1) yields
the following under Q:
S1(t) = S1(0) exp
{
(r − q1 − σ21/2 + θσ1σ2)t+ σ1B1(t)
}
, (2.9)
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S2(t) = S2(0) exp
{
(r − q2 + σ22/2)t+ σ2B2(t)
}
, (2.10)
where {B1(t) = B˜1(t)− θσ2t, B2(t) = B˜2(t)− σ2t} is a standard bivariate Brownian
motion under Q with correlation θ. Thus, (2.6) follows immediately upon dividing
(2.9) by (2.10).
Next, let E˜t be the Q˜ expectation operator conditional on Ft and Et be the Q
conditional expectation operator. Applying Lemma A.2 with ξt defined in (2.5), we
have













e−r(τ−t)f˜(S2(τ), Rτ , R∗τ )
}
.
By the definition and property of stopping time given in Proposition 2.3 and Lemma
2.15 of Karatzas and Shreve (1988a), and applying the properties of conditional
expectation in Theorems 34.3 and 34.4 of Billingsley (1995), we have the following:




















Next, using Theorem 35.2 (optional sampling theorem) and Corollary A.3, we obtain











Simplifying the expression, we have
P˜ (t, S2, R,R
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Note that in (2.6), q2 plays the role of riskless rate and q1 the role of divi-
dend rate in the usual Black-Scholes model. For the rest of the thesis, we shall focus
on the evaluation of P (t, R,R∗) defined in (2.8), which is the value of the American
dynamic fund protection option in units of stock 2. To obtain the cash value of the
American dynamic fund protection at time t ∈ [0, T ], we simply apply (2.7). We
first observe the following properties of P (t, R,R∗).
Proposition 2.2
The value function P (t, R,R∗) in (2.8) is continuous. Moreover, it is nondecreasing
in (R,R∗).
Proof : We define the flow
R∗u(t, R,R
∗) = max{R∗, max
t≤τ≤u
Re(q2−q1−σ
2/2)(τ−t)+σBτ−t}, u ≥ t, R ≤ R∗.
Following Jaillet, Lamberton and Lapeyre (1990),










∣∣∣e−q2(u−t1)f(R∗u(t1, R1, R∗1))− e−q2(u−t1)f(R∗t2(t1, R1, R∗1))∣∣∣].
The last two terms are uniformly integrable since for κ > 1:
E[(first term)κ] ≤ E(R∗T (t2, R2, R∗2))κ + E(R∗T (t1, R1, R∗1))κ < C1,
E[(second term)κ] ≤ 2 E(R∗t2(t1, R1, R∗1))κ < C2,
for all 0 ≤ t1 < t2 ≤ T , where C1 and C2 are universal constants independent of t1
and t2. Continuity of the flow implies that |P (t2, R2, R∗2) − P (t1, R1, R∗1)| → 0 and
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hence P (t, R,R∗) is continuous. Since the flow is nondecreasing in (R,R∗) and f(U)
is nondecreasing in U , we have P (t, R,R∗) is nondecreasing in (R,R∗). 
2.4 A canonical optimal stopping problem
The Markovian structure of problem (2.8) and the scaling property of Brownian
motion allow us to reduce the number of parameters in the problem by introducing
the following space-time transformations:
s = σ2(t− T ), z = logR− µs, z∗ = logR∗,
p(s, z, z∗) = eq2(T−t)P (t, R,R∗), (2.11)
where ρ = q2/σ
2, γ = q1/q2 and µ = ρ − γρ − 1/2. Hence we obtain the following
equivalent optimal stopping problem for American dynamic fund protection option;
see Appendix A for the proof.
Proposition 2.3
After a change of variables, the value function of an American dynamic fund protec-
tion option (in units of stock 2) is determined by the optimal stopping problem






τ,W ∗τ (s, z
∗)
)}
, −σ2T ≤ s ≤ 0, (2.12)





, {Wu, s ≤ u ≤ 0} is a standard
Brownian motion with Ws = z, and g(u,w) = e
−ρumax{1, ew}.
The domain of p is given by A = {(s, x, y) : s ≤ 0, x ≤ y − µs}. In
view of Proposition 2.2 and the transformations (2.11), the value function p(s, z, z∗)















Figure 2.1: Schematic illustration of the optimal stopping boundary z¯(s, z∗)
as a function of z∗ (left), and of s (right). S denotes the stopping region, C the
continuation region and Ac the inadmissible region. Note that z¯(0, z∗) = z∗.
given by (2.12) is continuous and nondecreasing in (z, z∗). The optimal stopping
boundary z¯(s, z∗) is thus given by the largest z, with (s, z, z∗) ∈ A, such that
p(s, z, z∗) = g(s, z∗). The stopping region S is the subset of A with z ≤ z¯(s, z∗)
and the continuation region is C := A \ S. Since p(s, z, z∗) and g(s, z∗) are continu-




min{λ(s), z∗ − µs}, z∗ ≤ 0,
z∗ +min{λ(s),−µs}, z∗ > 0,
(2.13)
where λ(0) = 0 and λ(s) + µs → logϕ as s → −∞, with 0 < ϕ < 1 given in
(2.4). A schematic illustration of the stopping boundary along with the regions S
and C is given in Figure 2.1. We can retrieve the solution (P, R¯) to the original
pricing problem (2.8) by mapping back as follows: P (t, R,R∗) = eρsp(s, z, z∗) and




min{Λ(t), R∗}, R∗ ≤ 1,
R∗Λ(t), R∗ > 1,
(2.14)
where Λ(t) = min{1, eλ(s)+µs}.
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2.5 A numerical method using Bernoulli walks
By making use of the change of variables (2.11), we have transformed the valu-
ation problem (2.8) into the optimal stopping problem (2.12) for standard Brownian
motion. Since the horizon for problem (2.12) is always 0, only one numerical problem
for each (ρ, γ) need be implemented for all expiration dates T .
The functional central limit theorem allows us to approximate a standard
Brownian motion by a symmetric Bernoulli random walk. Hence the optimal stop-
ping problem (2.12) is approximated by applying the following backward induction
alogrithm to the approximating random walk.
For a small δ > 0, we discretize time and space by the following: let s0 = 0,
si = si−1 − δ for i ≥ 1, and Zδ = {0,±
√











where (z, z∗) ∈ Zδ ×Zδ, z± = z ±
√
δ and z∗± = max{z∗, z± + µsi−1}.
Each point (z, z∗) ∈ Zδ×Zδ can be determined to be a stopping or continuation
point at time si depending on whether p(si, z, z
∗) = g(si, z∗) or p(si, z, z∗) > g(si, z∗)
respectively.
Let z¯δ(si, z
∗) be the largest z ∈ Zδ such that p(si, z, z∗) = g(si, z∗). To obtain
the optimal stopping boundary z¯(si, z
∗) for Brownian motion from the discrete-time
and discrete-state boundary associated with (2.15), we use the following continuity
correction proposed by Chernoff and Petkau (1986):
z¯(si, z




∣∣∣D2(si, z∗)/{2D2(si, z∗)− 4D1(si, z∗)}∣∣∣,
where zjδ(si, z
∗) = z¯δ(si, z∗) + j
√
δ and Dj(si, z
∗) = g(si, z∗)− p(si, zjδ(si, z∗), z∗) for
j = 1, 2.
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As shown in Lai, Yao and AitSahlia (2001), we can use the Chernoff-Petkau
correction to approximate the continuous-time boundary with o(
√
δ) error when
si ≤ −0.005 because the derivative (∂/∂s)z¯(s, z∗) is bounded except for a very
small neighbourhood of s = 0. For −0.005 < s < 0, z¯(s, z∗) is close to z∗ and
the uncorrected z¯δ typically suffices to approximate this small portion of the early
exercise boundary.
As an illustration, we implement the backward induction (2.15) on ρ = 1 and
γ = 0.5, with δ = 10−3. Once λ(s) is obtained from the numerical procedure, we
use (2.13) to completely determine the three-dimensional stopping boundary which
is given in Figure 2.2. For further illustration, we implement the backward induction
procedure on ρ = 0.5, 1.0, 1.5, 2, 2.5 and γ = 0.5, 2, with δ = 10−3. We plotted the
cross-sectional plots of the optimal stopping boundaries as a function of s in the left
panel of Figure 2.3. For completeness, the stopping boundary for perpetual options
are given in the right panel of Figure 2.3 (note that λ(s) + µs→ logϕ as s→ −∞,
with 0 < ϕ < 1 given in (2.4)). Left panel of Figure 2.3 shows that for fixed z∗, the
optimal stopping boundary in canonical scale is well approximated by linear splines
with a few knots.
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Figure 2.2: Optimal stopping boundary z¯(s, z∗) for American dynamic fund
protection options with ρ = 1 and γ = 0.5. Stopping region S is below the
boundary.
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Figure 2.3: Left panel – Plots of λ(s) with γ = 0.5, 2 and ρ as indicated on




The development of a fast approximate valuation method for an American
dynamic fund protection option requires us to first express the value of this American
option as the sum of its corresponding European value and an early exercise premium
which is given by an integral whose integrand is a function of the early exercise
boundary. Next, we observe (cf. Section 2.5) that for fixed z∗, the exercise boundary
is well approximated by piecewise linear functions with a few pieces which in turn
provides us with a fast approximate method to compute the early exercise premium.
3.1 A decomposition formula
To derive the decomposition formula, we first obtain a closed-form expression
for the value of an European dynamic fund protection option. This European value
has also been derived in Gerber and Shiu (2003a).
23
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Proposition 3.1
For γ = q1/q2 6= 1, the value of an European dynamic fund protection option (in









∗, T − t))
+ e−q2(T−t)
[







∗, T − t))
]
, (3.1)
where ρ = q2/σ











∗, τ)− 2µσ√τ , n(x) = e−x2/2/√2pi and N(x) = ∫ x−∞ n(u) du.











∗, T − t))
+ d3(R,R
∗, T − t)N(d3(R,R∗, T − t))
]}
. (3.2)
Proof : The European value of a dynamic fund protection option (in units of stock










The second term on the right hand side is the value of an European lookback call op-
tion, with riskless rate q2 and dividend rate q1, which can be obtained from equations
(4.2a) and (4.2b) of Lai and Lim (2004a) using the modifications given in Section
4.3 of their paper, thereby yielding equations (3.1) and (3.2) for the cases γ 6= 1 and
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γ = 1, respectively. 
Now, we present the decomposition formula for an American dynamic fund
protection option.
Theorem 3.2
In the notation of Proposition 3.1, the value of an American dynamic fund protection
(in units of stock 2) can be expressed as follows:
P (t, R,R∗) = PE(t, R,R∗) + q2K∗
∫ T
t















e−q1(τ−t)Λ(τ)2µ+1N(d1(RΛ(τ), R∗, τ − t)) dτ,
(3.3)
if γ = q1/q2 6= 1; and











∗, τ − t)) + d3(RΛ(τ), R∗, τ − t)
×N(d3(RΛ(τ), R∗, τ − t))
]
+RN(d1(RΛ(τ), R




if γ = 1.
Proof : We make use of the generalized Ito’s formula (cf. Krylov (1980)) to show
that the value of an American dynamic fund protection option has the decomposition
P (t, R,R∗) = PE(t, R,R∗) + q2
∫ T
t
e−q2(τ−t)Et[max{1, R∗τ}I{(Rτ ,R∗τ ) 6∈Hτ}] dτ,
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where Hτ denotes the holding (i.e., non-exercise) region at time τ and Et denotes
expectation conditional on (Rt, R
∗
t ) = (R,R
∗).
In order to evaluate the integral on the right, we need to first derive a formula for
the conditional distribution of the state variables. We let Xτ = log(Rτ/R0) and
Yτ = log(R
∗
τ/R0), where R0 = S1(0)/S2(0) and Sj(0) (j = 1, 2) are the initial stock
prices. We rewrite Xτ and Yτ as Xτ = log(Rτ/Rt) +Xt, and Yτ = log(R
∗
τ/Rt) +Xt.
Making use of the joint distribution of (log(Rτ−t/R0), log(R∗τ−t/R0)), as given by
Lemma 1 of Conze and Viswanathan (1991), for −∞ < x <∞ and y ≥ max{x, Yt},
one has
Pr(Xτ ≤ x, Yτ ≤ y | Xt, Yt) = G(eXt , ex, ey, τ − t),
where
G(x, x¯, y, τ) = N(d(x, x¯, x, τ))− (y/x)2µN(d(x, x¯, y, τ)),
d(x, x¯, y, τ) = (σ
√
τ)−1 log(xx¯/y2)− µσ√τ ,
and µ = ρ− γρ− 1/2.
Next, we observe that if x ≤ Yt, we have y ≥ Yt. Consequently,
lim
y↓Yt
Pr(Xτ ≤ x, Yτ ≤ y | Xt, Yt) > 0,
whenever Xt 6= Yt. Therefore, Pr(Xτ ≤ x, Yτ = Yt | Xt, Yt) exists and is given by
Pr(Xτ ≤ x, Yτ = Yt | Xt, Yt) = G(eXt , ex, eYt , τ − t).
Let
F (x, x¯, y, τ) = 2(σ
√
τ)−1n(d(x, x¯, y, τ))− 2µN(d(x, x¯, y, τ)).
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Applying the transformation Rτ = R0e
Xτ and R∗τ = R0e
Yτ will give
Pr(Rτ ≤ x¯, R∗τ ∈ dy | Rt = R,R∗t = R∗) = y2µ−1R−2µF (R, x¯, y, τ − t) dy, (3.5)
if x¯ > 0 and y ≥ max{x¯, R∗}, and also
Pr(Rτ ≤ x¯, R∗τ = R∗ | Rt = R,R∗t = R∗) = G(R, x¯, R∗, τ − t), (3.6)
if x¯ ≤ R∗.
In view of (2.14) and the fact that (Rτ , R
∗
τ ) 6∈ Hτ = {(x¯, y) : 0 < x¯ < R¯(τ, y), y >
0}, with R¯(τ, y) ≤ y, is equivalent to Rτ ≤ R¯(τ, R∗τ ), we obtain the following
using (3.5) and (3.6) after letting I1(x, τ ; a, b, α, β) =
∫ b
a
yαF (x, βy, y, τ) dy, and
I2(x, τ ; a, b, α, β) =
∫ b
a




max{1, R∗τ}I{(Rτ ,R∗τ ) 6∈Hτ}
]
= G(R,R∗, R∗, τ − t) +R−2µ
[
I1(R, τ − t;R∗,Λ(τ), 2µ− 1, 1)
+ I2(R, τ − t; Λ(τ), 1, 2µ− 1,Λ(τ)) + I1(R, τ − t; 1,∞, 2µ,Λ(τ))
]
, (3.7)
if 0 < R∗ ≤ Λ(τ),
Et
[
max{1, R∗τ}I{(Rτ ,R∗τ ) 6∈Hτ}
]
= G(R,Λ(τ), R∗, τ − t)
+R−2µ
[
I2(R, τ − t;R∗, 1, 2µ− 1,Λ(τ)) + I1(R, τ − t; 1,∞, 2µ,Λ(τ))
]
, (3.8)
if Λ(τ) < R∗ ≤ 1, and
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Et
[
max{1, R∗τ}I{(Rτ ,R∗τ ) 6∈Hτ}
]
= R∗G(R,R∗Λ(τ), R∗, τ − t) +R−2µI1(R, τ − t;R∗,∞, 2µ,Λ(τ)), (3.9)
if R∗ > 1.
Integrating I1 and I2 by parts, we have, for α 6= −1,









bα+1N(d(x, βb, b, τ))− aα+1N(d(x, βa, a, τ))
]
,









bα+1N(d(x, β, b, τ))− aα+1N(d(x, β, a, τ))
]
,
where Ij(x, τ) is short for Ij(x, τ ; a, b, α, β),





yαn(d(x, βy, y, τ)) dy,





yαn(d(x, β, y, τ)) dy.
We also have
I1(x, τ ; a, b,−1, β) = 2I3(x, τ ; a, b,−1, β)− 2µI˜3(x, τ ; a, b, β)
− 2µ
[
(log b)N(d(x, βb, b, τ))− (log a)N(d(x, βa, a, τ))
]
,





y−1(log y)n(d(x, βy, y, τ)) dy. We can evalu-
ate I3 and I˜3 by using the change of variables z = (σ
√
τ)−1 log(y/xβ) and z =
(σ
√
τ)−1 log(y/xβ) + µσ
√
τ , respectively:

















− (α+ 1− µ)σ√τ
)]
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We do not need to explicitly evaluate I4, since 1 − 2µ/(α + 1) = 0 for α = 2µ − 1
considered in (3.7) and (3.8). Substituting for I1 and I2 in (3.7), (3.8), and (3.9)
yields, for γ 6= 1,
Et
[






































where K∗ = max{1, R∗}; and for γ = 1,
Et
[

























































This completes the proof. 
Note that the early exercise boundary is defined implicitly via the integral
equation
P (t,Λ(t)max{1, R∗}, R∗) = max{1, R∗}. (3.10)
This provides an alternative method to solve for the early exercise boundary. While
we do not pursue this integral equation approach in this thesis, we will demonstrate
how to use the decomposition formula (3.3) to rederive the perpetual result (2.4).
Setting T = ∞ and Λ(t) ≡ Λ for the perpetual option, it suffices to consider t = 0
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e−q1τN(d1(K∗Λ2, R∗, τ)) dτ. (3.11)





























2a+b2), c ≤ 0,
and (µ+1)2+2γρ = µ2+2ρ, and then multiplying through by α2−α1 = 2
√
µ2 + 2ρ,




{γ−1(2µ+ 2)(1− α1)− α2}.
Upon multiplying this equation through by α2 − 1 and noting that
(α2 − 1){γ−1(2µ+ 2)(1− α1)− α2}/(2µ+ 1) = α2(1− α1),
we find that the solution is indeed (2.4).
3.2 Computation of the early exercise premium
In order to compute the integrals in (3.3), we make use of the change of variables
in (2.11). With u = σ2(τ − T ), the early exercise premium therefore becomes
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Suppose the early exercise boundary λ(u) has been determined on a grid of points
{u0, u1, . . . , um} (cf. Section 2.5), where s = um < . . . < u0 = 0. Our evaluation
of Π(s, z, z∗) is based on the piecewise linear approximation λ(u) = βiu + αi, ui ≤




e−αuN((βu − x)/√u− s) du (cf. Ju (1998) and AitSahlia and Lai (1999,
2001)):

































































where τi = ui− s, a = (β2+2α)1/2, and c = c(x) = βs−x. The method is described
below.
Specifically, compute the “time-gradient” βi = {λ(ui−1) − λ(ui)}/(ui−1 − ui)
and the “time-intercept” αi = {ui−1λ(ui) − uiλ(ui−1)}/(ui−1 − ui). Then, we can
compute the early exercise premium (3.12) via the approximation























γρ− (2µ+ 1)(βi + µ)
×Ai(αi + z − (z∗)+ − s; γρ− (2µ+ 1)(βi + µ); βi + 2µ+ 1).
(3.14)
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3.3 Tabulation-interpolation approach
Using the results presented in Section 2.5, 3.1 and 3.2, we present a numerical
study for the approximate valuation of American dynamic fund protection options
with R0 = 0.5, 1, T = 8, and set r = 0.04 with a representative selection for the other
parameters: qj = 0.02, 0.04, σj = 0.2, 0.4 (for j = 1, 2) and θ = 0, ±0.2, ±0.8 giving
rise to 80 option contracts. This method of valuation is known as the tabulation-
interpolation approach. First, we use the canonical formulation (cf. Section 2.5)
with δ = 10−3 to tabulate the optimal stopping boundary on a fine grid, followed
by the use of the decomposition formula (3.3) or (3.4), and the approximation of
the early exercise premium (3.14) to value the American dynamic fund protection
options. The numerical results are presented in Table 3.1. Gerber and Shiu (2003b)
derived closed-form expressions for the perpetual values of such options and we
have presented these values in Table 3.1, along with our numerical results for finite
horizon American dynamic fund protection options. Our table of results shows that
the values of the finite horizon American dynamic fund protection options and the
value of the perpetual options are significantly different, and this indicates that the
perpetual values do not serve as a good estimate for the value of American dynamic
fund protection options with finite maturity.
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TABLE 3.1
American Dynamic Fund Protection Option Prices at t = 0 with R0 = 0.5, 1, and
choices of parameters as indicated
Perpetual option prices are given in brackets
θ = −0.8
(σ1, σ2) (q1, q2) R
(0.02, 0.02) (0.02, 0.04) (0.04, 0.02) (0.04, 0.04)
(0.2, 0.2) 0.9433 0.8383 0.9767 0.9368 0.5
(1.7370) (1.4803) (1.2983) (1.1830)
1.2007 1.1209 1.1294 1.0560 1
(3.1983) (2.7093) (2.2336) (2.0145)
(0.2, 0.4) 1.0860 1.0190 1.0426 1.0022 0.5
(0.4, 0.2) (3.4548) (2.8735) (2.1681) (1.9085)
1.7003 1.6157 1.5908 1.4698 1
(6.6591) (5.5321) (4.0403) (3.5487)
(0.4, 0.4) 1.5348 1.4704 1.4449 1.4030 0.5
(6.0455) (5.0973) (3.4795) (3.0603)
2.6600 2.4983 2.4701 2.3094 1
(11.8380) (9.9775) (6.6778) (5.8690)
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θ = −0.2
(σ1, σ2) (q1, q2) R
(0.02, 0.02) (0.02, 0.04) (0.04, 0.02) (0.04, 0.04)
(0.2, 0.2) 1.0054 0.8502 1.0212 1.0077 0.5
(1.3526) (1.1894) (1.1133) (1.0456)
1.0873 0.9935 1.0335 0.9607 1
(2.3938) (2.0770) (1.7893) (1.6536)
(0.2, 0.4) 0.9782 0.9217 0.9702 0.9484 0.5
(0.4, 0.2) (2.5245) (2.1070) (1.6954) (1.5072)
1.4259 1.3473 1.3298 1.2545 1
(4.7936) (3.9914) (3.0751) (2.7222)
(0.4, 0.4) 1.1896 1.1356 1.1496 1.1327 0.5
(4.0204) (3.3494) (2.4552) (2.1567)
1.9037 1.7922 1.7665 1.6603 1
(7.7908) (6.4849) (4.6204) (4.0521)
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θ = 0
(σ1, σ2) (q1, q2) R
(0.02, 0.02) (0.02, 0.04) (0.04, 0.02) (0.04, 0.04)
(0.2, 0.2) 1.0050 0.8222 1.0216 1.0104 0.5
(1.2371) (1.1075) (1.0625) (1.0149)
1.0423 1.0197 1.0139 0.9265 1
(2.1390) (1.8787) (1.6578) (1.5379)
(0.2, 0.4) 0.9750 1.0169 0.9713 0.9957 0.5
(0.4, 0.2) (2.2291) (1.8688) (1.5456) (1.3827)
1.3380 1.3420 1.0102 1.1785 1
(4.1984) (3.5088) (2.7635) (2.4586)
(0.4, 0.4) 1.0778 1.0251 1.0829 1.0029 0.5
(3.3752) (2.8070) (2.1277) (1.8738)
1.6888 1.5893 1.5962 1.4773 1
(6.4997) (5.3990) (3.9583) (3.4780)
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θ = 0.2
(σ1, σ2) (q1, q2) R
(0.02, 0.02) (0.02, 0.04) (0.04, 0.02) (0.04, 0.04)
(0.2, 0.2) 0.9995 0.8216 1.0161 0.9993 0.5
(1.1322) (1.0402) (1.0223) (1.0001)
1.0066 0.9524 0.9901 0.8904 1
(1.8920) (1.6874) (1.5200) (1.4247)
(0.2, 0.4) 0.9269 0.8398 0.9261 0.8839 0.5
(0.4, 0.2) (1.9434) (1.6418) (1.4014) (1.2651)
1.2546 1.1795 1.1819 1.1072 1
(3.6197) (3.0444) (2.4581) (2.2020)
(0.4, 0.4) 1.0060 0.8814 1.0228 1.0100 0.5
(2.7515) (2.2918) (1.8107) (1.6040)
1.4940 1.4091 1.3906 1.3121 1
(5.2496) (4.3643) (3.3124) (2.9240)
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θ = 0.8
(σ1, σ2) (q1, q2) R
(0.02, 0.02) (0.02, 0.04) (0.04, 0.02) (0.04, 0.04)
(0.2, 0.2) 0.9863 0.8215 0.9446 0.9775 0.5
(1.0000) (1.0000) (1.0000) (1.0000)
0.9187 0.8835 1.0064 0.8176 1
(1.2064) (1.1591) (1.1247) (1.1016)
(0.2, 0.4) 1.0023 0.8218 1.0185 1.0049 0.5
(0.4, 0.2) (1.1830) (1.0715) (1.0407) (1.0049)
1.0241 1.0825 0.9927 0.9089 1
(2.0145) (1.7822) (1.5886) (1.4810)
(0.4, 0.4) 0.9995 0.8216 1.0161 0.9993 0.5
(1.1322) (1.0402) (1.0223) (1.0001)
1.0066 0.9524 0.9901 0.8904 1




In this chapter, we shall examine how the results in the preceding two chapters
can be applied to American deterministic dynamic fund protections mentioned in
Chapter 1. There are namely two types of deterministic dynamic fund protections.
The simpler one provides a constant level of protection over the life of the fund.
While the other (arises due to nonforfeiture laws) provides an exponential level of
protection over the life of the fund.
Here the standard Black-Scholes model is used for the valuation of the deter-
ministic dynamic fund protections. In the standard Black-Scholes environment, the
price of a stock (under the risk neutral measure Q˜) is represented by a geometric
Brownian motion:
S(t) = S(0) exp
{
(r − q − σ2/2)t+ σB˜t
}
,
where S(0) is the initial stock price and {B˜t, t ≥ 0} is a standard Brownian motion
under Q˜ with B˜0 = 0. Here r is the riskless rate of return, q stands for the dividend
38
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rate paid by the underlying stock and σ is the standard deviation of the stock’s
return (i.e., the volatility).
For the protection with a constant guaranteed level, recall (1.1). The protected
fund unit value at time t is given by








We may view the above as the payoff from an American option when it is exercised
at time t, t ≥ 0. The results in Chapter 2 can be applied to this option by making
the following changes to the notations:
S1(t) = K, S1(0) = K, q1 = r, σ1 = 0,
S2(t) = S(t), S2(0) = S(0), q2 = q, σ2 = σ, θ = 0.
As for the protection with an exponential guaranteed level, recall (1.2). The
protected fund unit value at time t is given by








Similarly, we view the above as the payoff from an American option when it is
exercised at time t, t ≥ 0. Now, we shall make the following notational changes:
S1(t) = Ke
ζt, S1(0) = K, q1 = r − ζ, σ1 = 0,
S2(t) = S(t), S2(0) = S(0), q2 = q, σ2 = σ, θ = 0.
By Theorem 5.4 of Karatzas (1998), in the absence of arbitrage opportunities
the price P˜ (t, S2, R,R
∗) of the option at time t ∈ [0, T ] before exercise is given by




e−r(τ−t)f˜(S(τ), Rτ , R∗τ )
∣∣∣S(t) = S,Rt = R,R∗t = R∗},
(4.1)
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where Ta,b is the set of stopping times taking values between a and b (> a), Ru =
K/S(u) (resp. Ru = Ke
ζu/S(u)) for the constant protection option (resp. expo-
nential protection option) and R∗τ = max0≤u≤τ Ru. The payoff function is given by
f˜(S,R,R∗) = f˜(S,R∗) = Smax{1, R∗}.
We apply Proposition 2.1 to (4.1) and therefore under Q, the process {Rt =
K/S(t)} follows a geometric Brownian motion:
Rt = R0 exp
{
(q − r − σ2/2)t+ σBt
}
,
where Bt is a standard Brownian motion under Q with B0 = 0. Here q plays the
role of riskless rate and r the role of dividend rate in the usual Black-Scholes model.
Accordingly, the process {Rt = Keζt/S(t)} follows the following geometric Brownian
motion under Q:
Rt = R0 exp
{
(q − (r − ζ)− σ2/2)t+ σBt
}
,
with q as the riskless rate and r − ζ as the dividend rate in the usual Black-Scholes
model.
For these options, we apply the transformations (2.11) to reduce the valuation
into a canonical optimal stopping problem. Then, we use the Bernoulli walk (cf.
Section 2.5) with δ = 10−3 to solve for the optimal stopping boundaries whose
behaviour will be similar to Figures 2.2 and 2.3. Once the optimal stopping boundary
is obtained, we proceed to value the options using the methodology mentioned in
Chapter 3. As a numerical illustration, we shall consider the following representative
selection of values for the parameters: r = 0.04, 0.08, q = 0.02, 0.04, 0.06 and
σ = 0.2, 0.4 for the constant guaranteed level options. As for the exponential
guaranteed level options, we set r = 0.04 and select the following representative set
of parameter values: q = 0.02, 0.04, 0.06, σ = 0.2, 0.4 and ζ = 0.02, 0.03. The
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values of the constant guaranteed level options and the exponential guaranteed level
options, in units of the stock, are presented in Tables 4.1 and 4.2 respectively.
TABLE 4.1
American Constant Guaranteed Level Option Prices at t = 0 with R0 = 0.5, 1, and
choices of parameters as indicated




0.2 1.0016 0.9948 0.7000 0.5
(1.0000) (1.0000) (1.0000)
0.9842 0.8463 0.7801 1
(1.3187) (1.2599) (1.2247)
0.4 0.8657 0.8977 0.7891 0.5
(1.3665) (1.2371) (1.1595)





0.2 0.9816 0.9821 0.7000 0.5
(1.0000) (1.0000) (1.0000)
1.0133 1.0201 0.6530 1
(1.1825) (1.1565) (1.1398)
0.4 0.9979 0.9937 0.9907 0.5
(1.1145) (1.0625) (1.0328)
1.0985 1.0430 0.9662 1
(1.7617) (1.6578) (1.5889)
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TABLE 4.2
American Exponential Guaranteed Level Option Prices at t = 0 with R0 = 0.5, 1,
and choices of parameters as indicated




0.2 0.9977 0.8215 0.7000 0.5
(1.0419) (1.0000) (1.0000)
0.9569 0.9373 0.9237 1
(1.5379) (1.4142) (1.3457)
0.4 0.9318 0.8570 0.7395 0.5
(1.8938) (1.5870) (1.4210)





0.2 0.9640 0.8215 0.7010 0.5
(1.1075) (1.0127) (1.0000)
1.1230 1.1774 1.2014 1
(1.8787) (1.6346) (1.5101)
0.4 0.9300 0.8394 0.7896 0.5
(2.8070) (2.1999) (1.8681)




This thesis describes the change of numeraire technique to reduce the number
of states considered in the valuation procedure for the American dynamic fund pro-
tection options from three to two. This change of numeraire leads to a substantial
simplification of our valuation procedure by allowing a space-time transformation to
be performed to reduce the valuation problem to a single canonical optimal stopping
problem for standard Brownian motion, indexed by only two parameters. The change
of variables removes the dependence on a prescribed root node, and the Bernoulli
walk is a natural alternative to binomial tree for approximating the Brownian mo-
tion. After this change of variables, the Bernoulli walk method is computationally
less intensive because the time horizon is considerably shorter than in the calendar
time scale. Moreover, it can be proven that after the transformations, the stopping
boundaries are piecewise linear functions for fixed canonical time s. This in turn
allows us to completely specify the boundaries by considering only their behaviour
(as a function of s) at z∗ = 0, where z∗ is the transformed maximum asset price.
Extensive computations in the canonical scale using the Bernoulli walk show that the
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boundary values at z∗ = 0 are well approximated by piecewise linear functions with
a few pieces, which in turn provides us with a fast approximate method to obtain
the American dynamic fund protection option values using a decomposition formula
for the American values. This fast approximate valuation procedure known as the
tabulation-interpolation method requires us to first tabulate the exercise boundary
at a few prespecified knots over a set of parameter values, and then use the closed
form expressions like (3.3) or (3.4), with (3.14) to compute the option values once
this boundary approximation is determined. The method is rather efficient because
once the boundary is determined and a tabulation scheme is selected, several options
with the same (ρ, γ) can be priced quickly. We have also shown that the results cov-
ered in this thesis is applicable to American constant guaranteed and exponential
guaranteed level options.
There is an alternative to the tabulation-interpolation method. This alterna-
tive method requires us to solve, under the piecewise linear approximation to z¯(·, z∗)
with a few pieces, an integral equation characterizing z¯. This method was intro-
duced by Ju (1998) for American vanilla options, and it has been used in Lai and
Lim (2004a, 2004b) to price American lookback options and American floating strike
lookback options respectively. We can extend this thesis by using the integral equa-
tion approach to solve for the optimal stopping boundary and use the closed form
expressions like (3.3) or (3.4), with (3.14) to compute the option values once this
boundary approximation is determined.
Appendix A
Some Results For Chapters 2 and 3
A.1 Girsanov’s theorem
Theorem A.1 (Girsanov)
Let (Ω,F ,Ft, Q˜) be a filtered probability space. Consider a K dimensional vector of
standard Brownian motion B˜(t) with correlation matrix θ(t). Suppose we have an
















and a new measure Q by
dQ = ξTdQ˜.
We claim that Q is a probability measure equivalent to Q˜ under which B(t) is a K
dimensional vector of standard Brownian motion on (Ω,F ,Ft,Q) with correlation
matrix θ(t).
45
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Lemma A.2
Let E˜t be the Q˜ expectation operator conditional on Ft while Et is the Q conditional
expectation operator. We claim






Proof : Since dQ = ξTdQ˜, it follows that Q(A) =
∫
A
ξTdQ˜ holds for all A ∈ FT .
By the property of martingale, we have E˜t(ξT ) = ξt. Next, by the property of










































































= E˜t(1) = 1 for any t < T . 
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A.2 Proof of Proposition 2.4


















where Ru/R = e
r¯(u−t)+σ(Bu−Bt), u ≥ t, and r¯ = q2 − q1 − σ2/2.



















































Therefore, for t ∈ [0, T ],

















Next, we introduce the following change of variables:







so R = R(t′, y) = eσy+r¯t
′
,
z∗ = logR∗ so R∗ = R∗(z∗) = ez
∗
,
P˜ (t′, y, z∗) = eq2(T−t(t
′))P
(
t(t′), R(t′, y), R∗(z∗)
)
.
By the transformation u′ = u+ t′, and subjecting Bt′ = y, we have
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It follows that for t′ ∈ [−T, 0],



















Finally let s = σ2t′ and z = σy. Then, we have




































subject to Bs = z, where ρ = q2/σ
2, γ = q1/q2 and µ = ρ− γρ− 1/2.
Finally, we arrive at the following canonical problem:






















where s ∈ [−σ2T, 0], and subject to Bs = z. 
A.3 Proof of (2.13)
Consider the optimal stopping problem (2.12). We discretize time in steps of δ
and employ a normal walk to approximate Brownian motion, thereby yielding the
following approximating dynamic programming equations for (2.12):
p(si, z, z
∗) = max{g(si, z∗), Ep(si−1, z +X,max{z∗, z +X + µsi−1})}, i = 1, 2, . . . ,
(A.1)
where si = −iδ and X is normally distributed with zero mean and variance δ. We




min{λi, z∗ − µsi}, z∗ ≤ 0,
z∗ +min{λi,−µsi}, z∗ > 0,
(A.2)
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that p(si, z, z
∗) is independent of z∗ for z∗ ≤ 0, and that p(si, z + , z∗ + ) =
ep(si, z, z
∗) for z∗ > 0, where λi are constants and  > 0.
First, observe from (A.1) that z¯(s1, z

































, z∗ ≤ 0. (A.4)
Since (A.4) is independent of z∗ ≤ 0, it follows that z¯(s1, z∗) = min{λ1, z∗ − µs1}
for z∗ ≤ 0, with the minimum arising because z¯(s1, z∗) ≤ z∗ − µs1 to remain in
the domain A. Next, setting z − z∗ = constant in (A.3) reproduces (A.4), thereby
showing that z¯(s1, z
∗) = z∗ + min{λ1,−µs1}, with the minimum arising again to
keep the boundary inside A. Thus, (A.2) is true for i = 1. The two claims about
p(s1, z, z
∗) are easy to verify: for z∗ ≤ 0, p(s1, z, z∗) equals either the left-hand or the
right-hand side of (A.4), both of which are independent of z∗; for z∗ > 0, it follows
by replacing z∗ in the left-hand side of (A.3) by z∗ +  or (z, z∗) in the right-hand
side of (A.3) by (z + , z∗ + ) that p(s1, z + , z∗ + ) = ep(s1, z, z∗).
Now assume (A.2) and the claims about the discrete-time value function p(si, z, z
∗)
hold for some i ≥ 1. Let Ei(z, z∗) = Ep(si, z +X,max{z∗, z +X + µsi}). By (A.1),
the boundary z¯(si+1, z
∗) satisfies
F (z; z∗) := g(si+1, z∗)− Ei(z, z∗) = 0. (A.5)
Relying on the assumption that (A.2) holds, we have the following explicit expres-
sions for Ei(z, z
∗) in (A.5):










p(si, z + x, z + x+ µsi)nδ(x) dx (A.6)















p(si, z + x, z + x+ µsi)nδ(x) dx (A.7)
for λi + µsi < z

















p(si, z + x, z + x+ µsi)nδ(x) dx (A.8)
for z∗ > 0, where nδ(x) = (δ
√
2pi)−1e−x
2/2δ. We consider first the case z∗ ≤ 0
and show that z¯(si+1, z
∗) = min{λi+1, z∗ − µsi+1}. It suffices to show that if
F (z¯(si+1, z
∗); z∗) = 0, then F (z¯(si+1, z∗); z∗ − ) = 0 for 0 <  < z∗ − z¯(si+1, z∗) −
µsi+1, so that z¯(si+1, z
∗ − ) = z¯(si+1, z∗). Since g(si+1, z∗) = e−ρsi+1 (i.e., in-
dependent of z∗) for z∗ ≤ 0, this amounts to showing that Ei(z¯(si+1, z∗), z∗) =
Ei(z¯(si+1, z
∗), z∗ − ), where Ei(z, z∗) is given by (A.7), or equivalently that∫ z∗−z¯−µsi−
λi−z¯
[p(si, z¯ + x, z




[p(si, z¯ + x, z
∗)− p(si, z¯ + x, z¯ + x+ µsi)]nδ(x) dx = 0,
in which we have used z¯ to denote z¯(si+1, z
∗) for notational simplicity. This is, of
course, true because we have assumed that p(si, z, z
∗) is independent of z∗ for z∗ ≤ 0.
Next we consider the case z∗ > 0 and show that z¯(si+1, z∗) = z∗+min{λi+1,−µsi+1}.
It is sufficient to show that z¯(si+1, z
∗ + ) = z¯(si+1, z∗) +  for  > 0. Indeed, using
the facts that g(si+1, z
∗) = e−ρsi+1+z
∗
for z∗ > 0, Ei(z, z∗) is given by (A.8), and
p(si, z + , z
∗ + ) = ep(si, z, z∗), we have
F (z¯(si+1, z
∗) + ; z∗ + ) = eg(si+1, z∗)− eEi(z¯(si+1, z∗), z∗) = eF (z¯(si+1, z∗); z∗).
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Thus, F (z¯(si+1, z
∗); z∗) = 0 implies that F (z¯(si+1, z∗) + ; z∗ + ) = 0, as required.
It remains to show that p(si+1, z, z
∗) is independent of z∗ for z∗ ≤ 0 and that
p(si+1, z + , z
∗ + ) = ep(si+1, z, z∗). For z∗ ≤ 0, either p(si+1, z, z∗) = e−ρsi+1 ,
which is clearly independent of z∗, or p(si+1, z, z∗) = Ei(z, z∗) as given by (A.6) or
(A.7). Since p(si, z, z
∗) is assumed to be independent of z∗ for z∗ ≤ 0, it follows that
p(si, z, z














p(si, z + x, z + x+ µsi)nδ(x) dx
is also independent of z∗. Finally, for z∗ > 0, either p(si+1, z, z∗) = e−ρsi+1+z
∗
, for
which it is obvious that p(si+1, z + , z
∗ + ) = ep(si+1, z, z∗), or p(si+1, z, z∗) =
Ei(z, z
∗) as given by (A.8), for which it follows easily from (A.8) and the induction
hypothesis (i.e., p(si, z + , z
∗ + ) = ep(si, z, z∗) for z∗ > 0) that Ei(z + , z∗ + ) =
eEi(z, z
∗). The proof is therefore complete. 
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